ABSTRACT
INTRODUCTION
Diesel engines have regained significant amount of attention in recent years due to their noticeable advantages in efficiency, reliability, and power density compared to their gasoline counterparts.
However, given the increasingly stringent emission legislations worldwide, diesel engine emission control, especially NOx reduction, remains as a great challenge in the field [1] [2] [3] [6] .
Recently several aftertreatment systems for diesel engine NOx reductions have been proposed. Among them, lean NOx trap (LNT) for lightduty vehicles and selective catalytic reduction (SCR) for heavyduty vehicles are the two most promising NOx control technologies [4] . In this paper, we focus on the control of SCR systems.
SCR utilizes ammonia (NH 3 ) as the reductant to convert nitric oxide (NOx) emissions to molecular nitrogen and water.
One of the problems of using ammonia as reductant is that if over-dosed, ammonia will slip at the tailpipe and consequently cause unpleasant odor.
However, insufficient ammonia injection can decrease the NOx-N 2 conversion efficiency and thus leads to higher tailpipe NO x emissions. The objective of SCR control is thus to minimize the NOx and NH 3 tailpipe slips by adjusting the amount of ammonia injected into the SCR catalyst.
In [5] , the authors proposed a strategy to minimize the tailpipe NOx amount while constraining the NH 3 slip under a limited value by controlling the SCR NH 3 surface coverage ratio to an optimal value. The ammonia surface coverage ratio is defined as:
.
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Even though this value cannot be directly measured, it is observable [6] [7] and some observers have been proposed in [6] [7] [8] . In this paper, we also treat the ammonia surface coverage ratio as the control objective. But instead of a singlecell model, we use a multi-cell model to better reflect the actual SCR dynamic characteristics [9] . Each cell represents a part of the SCR catalyst with dynamic model in the form presented in [10] and Eq. (14) . Because the SCR model in [10] and Eq. (14) is considered as a Continuously Stirred Tank Reactor (CSTR), all the states in the reactor are assumed to be uniform from the inlet to the outlet of the catalyst, which may not be valid for large SCR catalysts typically used for medium-and heavy-duty diesel engines. To better present the real SCR dynamics, it is suggested in [9] that multiple CSTR models can be connected to represent different sections of the catalyst. By doing so, the variations of each state throughout the catalyst can be more precisely described. However, on the other hand, such a multicell model also increases the system complexity for controller design. Moreover, as a general character of SCR control, the ammonia dosing rate of the ammonia injector located in front of the SCR catalyst is physically constrained to be positive only. That is, the controller can only increase the ammonia surface coverage ratio, the only state which can decrease the coverage ratio is engine NOx emission, which is uncontrollable by the SCR controller.
In this paper, a control law based on the backstepping technique [15] [16] is proposed to better handle the dynamics of multiple SCR cells connected in cascade. A backsteppingbased nonlinear controller is proposed to regulate the ammonia surface coverage ratio of the last SCR cell in order to tightly control the tailpipe NOx and ammonia emissions. Lyapunovbased analyses show the stability of the designed control law. FTP75 test cycle simulation results based on a full-vehicle (including engine, chassis, and aftertreatment systems) model illustrate that, compared to a conventional PID controller, the nonlinear backstepping control law can better handle the multicell SCR system dynamics and exhibits superior ammonia coverage ratio control capability.
The rest of this paper is organized as follow. A brief introduction of the SCR model is presented in the following section. After that, the backstepping controller design is described and analyzed, followed by simulation results and comparison to the performance of a PID controller. Conclusive remarks are summarized at the end.
SELECTIVE CATALYTIC REDUCTION

SCR Operation Principles
The SCR NOx reduction mainly includes three processes. In the first process, ammonia is injected to the aftertreatment system as the NOx conversion reductant. The ammonia inside the catalyst is then adsorbed on the catalyst surface. The adsorbed ammonia can then catalytically reacts with NOx and convert them to nitrogen. The dominant chemical reactions and the corresponding reaction rates are briefly explained below. NH 3 Adsorption/Desorption. The NH 3 entered the SCR catalyst can be adsorbed on the SCR substrate. The adsorbed NH 3 * can also be desorbed from the substrate as shown in the following reaction equation.
The rate of the NH 3 adsorption/desorption can be expressed by the following equations [10] .
Also, at temperature higher than 450 deg C or so, the adsorbed NH 3 can be oxidized to NO by the following reaction.
NOx Reduction. The adsorbed NH 3 can then catalytically react with NOx to become nitrogen according to the following reactions.
Because more than 90% of the diesel exhaust gas NOx is usually composed of NO [4] , and assuming there is no diesel oxidation catalyst (DOC) placed before the SCR, reaction in Eq. (7) is considered the dominant reaction in NOx reduction. The reaction rate is described below [6] :
SCR Model
Based on the molar balance, the main SCR dynamics can be described by the following equations [10] :
Such dynamic equations can be used to develop the SCR model using Continuous Stirred Tank Reactor (CSTR) approach or mass conservation law. Many SCR models for vehicle applications have been proposed in the literature [7] [10][12] [13] . In this paper, we adopted the model presented in [10] . This nonlinear model in state-space form is shown in Eq. (14) .
where , , , , , are ammonia adsorption, ammonia desorption, NOx oxidation, and ammonia reduction rates.
is the SCR ammonia storage capacity, is the ammonia surface coverage ratio, is the exhaust air flow rate, is the catalyst volume, is the mole concentration of species , , is the input which is the controlled ammonia concentration, and , is the engine exhaust NOx concentration. However, the CSTR model assumes all the states are uniform throughout the catalyst, which may not be valid especially for large SCR catalysts for medium-and heavy-duty diesel engine applications.
For example, concentration of NO is lower at downstream side than that at the upstream side of the catalyst. The authors in [9] pointed out that to better capture the SCR dynamics, a SCR catalyst can be divided into multiple cells. The SCR cell here means a single CSTR model as presented in Eq. (14) . Following this physical insight, the SCR to be studied in this paper are multi-cell SCR models which can be represented by Eq. (15) 
where, is the number of cell to represent the SCR catalyst,
, and , are the controlled NH 3 concentration and engine exhaust NO concentration into the SCR catalyst, and , and
, are the tailpipe NH 3 and NO concentrations.
BACKSTEPPING CONTROLLER DESIGN
In [5], the authors proposed the strategy of controlling the NH 3 surface coverage ratio to an optimal value such that the NOx slip can be minimized and the NH 3 slip is constrained below a prescribed value. In this paper, the coverage ratio is also selected as the controlled variable for multiple cells. Among the cells in the SCR model, the coverage ratio of the cell closest to the downstream side of the catalyst is selected as the controlled variable because, as the last safeguard, it dominantly affects the tailpipe NOx and ammonia emissions.
Here we assume NO, NH 3 , and temperature measurements are available between cells at downstream and upstream of the catalyst, and the catalyst ammonia storage capacity is also available from experiments. Since the only un-measurable state , is observable by these measurements, the system is assumed to be full-state available.
In what follows, the backstepping controller is designed in a general way which can handle SCR systems with cells.
Considering the control input as
, and controlled output as , , the control problem based on the model in Eq. (16) is formulated below. The objective of the controller is to regulate , to the optimal value . , , ,
Considering the terms of reaction rates, ammonia capacities, flow rates, and NO concentrations as known bounded time-varying signals, these values together are denoted as a vector . Equation (16) can then be rewritten as below:
where 
, , ,
,
In the first equation of Eq. (17), considering as the virtual control input, we want to control to the optimal value , a Lyapunov function candidate is defined as:
where and 0 1. The time derivative of the Lyapunov function is:
Combining Eq. (24) and Eq. (16): , ,
The desired control input of x is designed as , :
, ,
which leads to , ,
The negative definite of the can be analyzed from the following two cases:
and , >0 So 0.
Case 2: If, 0:
where , 0, and is a boundary region preventing overshoots. Then becomes:
If , ,
substituting into Eq. (31), we have , ,
where is positive definite. The same is hold for case 1 when 0:
According to the Lyapunov-like theorem for uniform boundedness and ultimate boundedness in [16] , by satisfying the corresponding requirements in Eq. (23), Eq. (33), and Eq. (34), converges to the region of 0 in a finite time. In other words, the coverage ratio can be controlled to the region , which is just below the desired optimal value . Notice that the larger can lead to a smaller convergence region. Based on the typical SCR reaction rates, a nominal value of 100 leads to 0.01.
A specific feature of SCR control is the control input, ammonia dosing amount is constrained to be positive only, i.e. the input of ammonia concentration can only be a positive number and thus there is no control authority to decrease the controlled value of . The only factor that can decrease the ammonia coverage ratio value is the NO concentration which is uncontrollable. Such a feature can create steady-state errors very easily because any overshoot is possible to cause the coverage ratio to stay at a point higher than the set value permanently until enough NO is presented to decrease it. To prevent the problem, instead of controlling the output to a desired value, regulating the coverage ratio to a manifold below the desired value such that prevents the overshoot and steadystate error is acceptable, if not desirable. That is to say, the boundary region provides a buffering area when the coverage ratio is rising, such that overshoots and the resulted steady-state error can be prevented, which is very helpful in limiting the tailpipe ammonia slip especially when the catalyst temperature varies.
Following the backstepping concept, now we want to control the NH 3 concentration in the second cell such that the NH 3 concentration in the first cell is equal to the desired value . Considering the first and second equations in Eq. (17) as the first backstepping step, the Lyapunov function candidate is selected as:
where .
From Eqs. (24), (33), (34), and (35), the time derivative of is:
We propose the control law for the desired in this step as , :
This leads to:
where is continuous positive definite.
According to the extended Lyapunov function for nonautonomous systems [16] , by satisfying Eq. Error! Reference source not found. and Eq. (39), 0 is uniformly asymptotically stable using the control law in Eq. (38).
With the same manner, at the k+1 th backstepping step, we have
where and
Thus, the control input of the SCR system ammonia dosing rate in Eq. (16) using backstepping concept is designed as:
The convergences of the controlled value , to the region , and the other states , … , to zeros are guaranteed by the foregoing Lyapunov analyses.
SIMULATIONS AND COMPARISONS
Simulations of SCR models with 1, 2, and 3 cells are presented in this section. Cell number up to three is discussed in this paper because, according to [9] , the true SCR dynamics can be sufficiently represented by two cells. Since PID controllers are popularly used in SCR control, simulation results of the proposed backstepping controller were compared with well tuned conventional PID controllers to show the appropriateness of using backstepping control strategy to deal with multi-cell SCR dynamics.
The simulations were conducted for the first 500 seconds of a FTP75 cycle. The initial optimal coverage ratio was set as 0.3 and then step changed to 0.5 at the 250 th second, and the initial ammonia coverage ratios are 0.2 in Figure 2 and Figure 3 and 0 in Figure 4 to show the affection of different initial values. The engine emissions, including NOx concentration, temperature, and exhaust air flow rate, were simulated using an experimental validated diesel engine simulator cX-Emission developed at Ohio State University Center for Automotive Research [1] . Figure 2 to Figure 4 show the simulation results with respect to SCR models with 1 cell, 2 cells, and 3 cells. As can be observed the backstepping control law can regulate the surface coverage ratio very close to the target values in all the cases, and the controlled output of each case are almost the same even if the cell numbers are different. There exist some points where the surface coverage ratio fell to lower values, e.g. at 200 second, 280 second,410 second, and 460 second, these are points where NO mole flow rate from engine were very high (i.e. very strong disturbances). Even with the maximum ammonia injection input, the coverage ratio cannot be raised to the desired number as can be observed in Figure 5 . This situation is unpreventable because the maximum NH 3 concentration was physically limited. On the other hand, we can find that, besides the points just mentioned, the steady state errors are very close to zero and almost no overshoot is observed in the simulation results. This is because we controlled the coverage ratio to a manifold just below the optimal value such that there is a buffer region which can help prevent possible overshoots. For conventional controllers that control the coverage ratio to a target value, e.g. the comparing PID controller, overshoots and the corresponding steady-state errors can be frequently seen. For the PID controller, simulation results showed that it can regulate the coverage ratio well only when the cell number is less than 2. With the increase of cell number, the system nonlinearity is elevated and a PID controller cannot appropriately handle such kind of dynamics. A quantitative comparison of the backstepping controller and PID controllers using root mean square error (RMS) is presented in TABLE 1 which can clearly show the difference. For example, in the case of three-cell, the RMS error of the backstepping control law is only 40% of that of the well-tuned PID controller. With the knowledge that only models with more than 2 cells can adequately capture the real SCR dynamics, we conclude here that the backstepping controller is well suited for SCR control. 
CONCLUSION
In this paper, a diesel engine SCR controller based on backstepping concept is designed to control the SCR ammonia surface coverage ratio based on a model with multiple cells. With the understanding that a proper SCR model requires at multiple model cells in series to represent the actual SCR system dynamics, models with three or more cells were studied. The controller was designed to regulate the objective value to a region close to the desired value to prevent overshoot and steady-state error. The stability of the designed backstepping control law was shown through Lyapunov analyses. According to the simulation results, we observed that the designed backstepping control law can control the coverage ratio to the desired values very well in all cases (single and multiple cells) and no physically-avoidable overshoots and steady-state errors were exhibited. On the other hand, a conventional PID controller can only adequately handle single cell SCR model. Thus, the backstepping-based control law provides a suitable approach to control diesel engine SCR systems with the objective of limiting tailpipe NOx and ammonia emissions.
[4]
M. Koebel, M. Elsener, and M. Kleemann, "Urea-SCR: a promising technique to reduce NOx emissions from automotive diesel engines", Catalysis Today, Vol. 59, pp. 335-345, 2000.
[5] M. F. Hsieh and J. Wang, "Diesel engine selective catalytic reduction ammonia surface coverage control using a computationally-efficient model predictive control assisted method", Proceedings of the ASME Dynamic Systems and Control Conference, 2009 (accepted). 
